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LONGITUDINAL DISPERSION
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(Received March /5. /983; in final form June 27. /984)
The likely role of stress-induced macromolecular migration in interpreting certain anomalous observations
in longitudinal dispersion is discussed. In majority of the cases considered, the migration phenomenon affords
an explanation for such behaviour, although in some instances, the operational regime for the dispersion
process can itself explain the anomalies.
In those cases, where stress-induced migration could be a contributory factor, a semi-quantitative
discussion based on our current understanding of the phenomenon is presented. Such a development, though
rather simplistic in nature, enables (at least) a semi-quantitative elucidation of the pertinent variables which
may affect the longitudinal dispersion processes involving polymeric media.
KEYWORDS Macromolecular Migration Axial dispersion Polymers
I. INTRODUCTION
The problem of longitudinal dispersion arising out of the interaction of the non-
uniform convective field and molecular diffusion has been investigated by a number of
workers and its extensions for non-Newtonian fluids have appeared in the literature.":"
All such extensions normally examine the influence of the alteration in the hydro-
dynamic field (which arises on account of the changes in rheological characteristics) on
the dispersion process. Such extensions can be essentially divided into two categories.
First, where the residence time in a fluid is small in comparison to a characteristic
molecular diffusion time, i.e. when
[I]
we have the so-called 'segregated flow' conditions' and the conventional residence time
distribution [RTD] theory could be used to provide information on the dispersion
characteristics. In the second case, where the following inequality is satisfied
[2]
the so-called Taylor dispersion [TD] conditions prevail. Later, we shall enumerate the
t NCL Communication No. 3227
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182 A. DUTTA AND R.A. MASHELKAR 
anomalies that arise in each of these cases, when dispersion processes in macro- 
molecular media are encountered. 
Among the first logical extensions appearing in the literature which examined RTD, 
there was the analvsis bv Novosad and Ulbrechtl for Dower law fluids. which was later 
generalised by wein and U l b r e ~ h t . ~  Similarly fo; Taylor dispersion, there is a 
preponderance of rather straightforward extensions in the published literature, which 
have been obtained by merely altering the velocity field in a t ~ b e . ~ . ~ T h e  implicit faith in 
such extensions is so high that T D  technique has been accepted as  a common tool to 
evaluate the molecular diffusivity for a variety of solutes. Many surprises (see 
Section 3) spring up, however, when such techniques are used for macromolecular 
systems. In this paper, we show that the concept of effective wall slip, resulting from the 
formation of a polymer-depleted low-viscosity layer adjacent to rigid walls, can 
qualitatively explain most of these anomalous observations. 
Even though there is considerable uncertainty regarding the origin o i  slip effects, 
that the phenomenon exists is evidenced by a large number of experimental 
 investigation^.^-'^ T o  date, research in this field has focussed on developing 
mechanistic interpretation regarding the cause of the migration phenomenon. 
Quantitative comparison with available experimental data, however, have been scarce. 
We believe it is also necessary to explore the implications of theslip effects on systems 
of practical and technological interest. In an  earlier p ~ b l i c a t i o n ' ~  we have considered 
various heat and mass transport processes and in this work we follow a similar 
approach in discussing longitudinal dispersion in capillary flows. 
In particular, the present work discusses the possible artifacts that slip effects might 
produce in longitudinal dispersion involving polymeric liquids. We wish to emphasize 
that such studies are of interest in diverse fields. For flow of polymer solutions through 
porous media, the dispersion characteristics are likely to differ dramatically due to slip 
effect. In chromatographic studies the elution characteristics are expected to be 
severely affected if prevailing conditions promote migration. Similarly, techniques such 
as Taylor dispersion are rather commonly used for determination of molecular 
diffusivity and these are now being used for similar determination in macromolecular 
systems. The discussion to be presented by us is intended to highlight the likely pitfalls 
in such techniques when the migration phenomenon is prevalent. 
2. STRATEGY FOR ANALYSIS 
As discussed later, slip effect results due to the creation of a low-viscosity polymer- 
depleted layer near a wall, over which the bulk appears to 'slip' through. Although the 
no-slip boundary condition is not actually violated at the wall, phenomenologically the 
flow process can be described by assuming the bulk to flow with a finite slip velocity, v,, 
a t  the wall. The slip velocity can be related to the polymer properties and the flow 
conditions by undertaking theoretical model calculations or experiments. In major 
part of our discussion, we shall not go into the details of the validity of such 
relationships excepting to state that we shall recognize the presence of a slip velocity, o, 
a t  the wall in order to provide a likely explanation of some anomalous observations. 
While doing so, we shall re-do some of the conventional calculations by accepting the 
presence of the slip phenomenon. But these trivial calculations are incidental and in 
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cases may be somewhat simplistic. The emphasis is really on utilization of these results 
to qualitatively explain several anomalous observations in longitudinal dispersion of 
polymer solutions. 
In what follows, we shall enumerate these anomalous observations and rationalize 
some of these in terms of the flow regime in which the dispersion process is operative. 
Regarding the other anomalies, since we believe t.hat these can be interpreted in terms 
of slip effects we shall briefly provide some mechanistic considerations elucidating the 
causes. We shall then semi-quantitatively consider the role of slip effects in dispersion 
of small solutes in polymeric media followed by a qualitative discussion on dispersion 
of macromolecular solutes. 
3. SOME ANOMALOUS OBSERVATIONS 
(1) Singh and NigamI4 reported diffusivity measurements of congo-red dye in 
aqueouscarboxymethyl cellulose [CMC] solution using theTD technique. They found 
that the diffusivity decreases twelve-fold as the C M C  concentration is changed from 
zero to two weight percent. O n  the other hand, the data reported by Deo and 
Vasudevals using the T D  method for diffusion of benzoic acid in aqueous C M C  
solution shows no such effect. The reduction in diffusivity is only about 20 percent as 
the C M C  concentration increases from 1.1 1 to 1.6 percent. Also, the data reported by 
Hansford and LittL6 for the same system using a rotating disc technique indicates a 
reduction in diffusivity of about 22 percent as the C M C  concentration changes from 
0.75 to 1.5 percent. 
The above discrepancies are surprising. Indeed, the recent analysis by Kulkarni and 
Mashelkar" on diffusion of small molecular weight solutes in polymer solutions 
suggests that the reduction in diffusivity owing to concentration increase is at best 
marginal, if interaction effects are absent. This aspect as well as shear rate effects on 
diffusivity has been discussed in greater details by Mashelkar and Dutta.13 
(2) Maitland18 employed the T D  technique to determine the diffusivity of 
polystyrene in organic solvents. When comparecl to the measurements by a stagnant 
(photon correlation) technique, he found the diffusivity values obtained by the T D  
technique to be always higher (see Figure I). Interestingly, this discrepancy became 
more pronounced as the polystyrene molecular weight was increased. 
(3) A different discrepancy between diffusivity values obtained by flow (TD) and 
stagnant techniques is also evident from the work of Wakeham et d l 9  The authors 
measured the diffusion coefficients of protein macromolecules in serum and their 
results indicated that the diffusion coefficients measured by the T D  technique are 
always lower than those obtained by KellerZ0 using a stagnant method. In this case, 
however, the discrepancy became less prominent as the albumin concentration in the 
serum increased. 
(4) Because of their large size, macromolecular solutes have molecular diffusivities 
that are orders of magnitude smaller than those for small (low molecular weight) 
solutes. Consequently, Taylor-Aris theory predicts that macromolecules should be 
dispersed more than the small solutes. Some experimental evidence, however, does not 
conform to this expected behaviour. Billmeyer and K e l l e ~ , ~ '  who studied the 
dispersion in the injection-detection system of a gel permeation chromatograph, found 
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FIGURE I Molecular diflusivity of polystyrene as a function of molecular weight obtained by [ O ]  TD 
technique and [*I photon correlation technique.'" 
that the low molecular weight solute o-dichlorobenzene (ODCB) was always dispersed 
more than the higher molecular weight polystyrene. In particular, while ODCB peaks 
were nearly symmetrical, solutions of polystyrene showed tailing and double peaks. A 
similar, but more extensive, study has been reported by Ouano and B i e ~ e n b e r ~ e r . ~ ~ , ~ ~  
They investigated the dispersion of ODCB and monodisperse polystyrene of different 
molecular weights in capillaries of different lengths. They observed that both the solute 
concentration and the molecular weight played a central role in determining the 
elution characteristics. Interestingly, an increase in solute concentration and/or a 
- .  
decrease in the capillary diameter resulted in a more plug-flow like response to a step 
input in concentration. Presently, it is not clear as to why such alterations in flow 
behaviour occurs. 
4. ANOMALIES D U E  T O  CHANGE IN DISPERSION REGIME 
Figure 2, based on the data of Ouano and BiesenbergerZ3 and Chen and Blanchard,'* 
illustrates some interesting features of capillary flow of dilute macromolecular 
solutions flowing through capillaries of different lengths. For short capillaries, where 
the flow is in the segregated regime, the normalized elution curves are characterised by 
their highly unsymmetric nature with a sharp peak being followed by a long tail (see 
Figure 2(a)). Since pure convection controls the dispersion phenomenon in the 
segregated flow regime, it is expected that the elution curves will be independent of the 
solute size. Instead, it is seen that the response curves increasingly tend towards a plug- 
flow like response as  the solute size increases. This behaviour is in marked contrast to 
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the elution characteristics in the Taylor regime (long capillaries) as  observed by Chen 
and B l a n ~ h a r d ~ ~ . ~ '  and shown here in Figure 2(c). As expected from the theory, the 
curves are Gaussian in nature and the axial dispersion coefficient increases with solute 
size. Consequently, high molecular weight polymers result in a broader elution curves 
with lower peak heights. From Figure 2(b), further interesting observations are evident 
for flow through capillaries of intermediate lengths. As the solute size increases, the 
response curves shift away from their Gaussian shape and increasingly tend to exhibit 
features (like tailing) associated with segregated flow. Furthermore, the elution curves 
show double peaks as the solute molecular weight increases. Such anomalous 
biomodal characteristics of elution curves are not peculiar to Ouano and 
Biesenberger's data,22.23 but have also been reported by other workers p r e v i o ~ s l y . ~ ' ~ ~ ~  
Some of the above unexpected results can be interpreted in terms of the existing 
dispersion regimes. For example, for the data shown in Figure 2(b) the mean residence 
time of the solute is about 249 secs. If we assume that the molecular diffusivity 
- cm2/sec for low molecular weight o-nitrotoluene and - lo-' cm2/sec for the 
highest molecular weight (97,400) polystyrene, then the respective diffusion times 
(R2/D) become 356 and 35600 seconds. Clearly, for PS-97400 the mean residence time 
is much smaller than the diffusion time and the flow is in the segregated regime. 
Similarly, it follows that for o-nitrotoluene the flow is almost in the Taylor regime. 
Thus, even if the flow rate and the capillary dimensions are unaltered, a change in the 
solute size can readily alter the dispersion characteristics. Besides, the polystyrene 
solutes of intermediate molecular weights will have diffusivity values within the range 
of lo- '  to lo-' cm2/sec and therefore the corresponding diffusion times will be such 
that the flow must be between the Taylor and the segregated regime. As observed in 
Figure 2(b), depending on the solute size, the response curves are representative of the 
existing dispersion regime within the capillary. That is, as the solute molecular weight is 
increased it is expected that the response curve will gradually depart from their 
Gaussian nature (typical of Taylor flow regime) and increasingly resemble the elution 
characteristics associated with the segregated flow regime. 
In the light of the recent work of Mayock el the bimodal nature of the 
experimentally determined elution curves can also be rationally interpreted. Mayock 
el ul., investigated the dispersion behaviour of a pulse solute input in a fluid stream for 
different Taylor numbers, Ta[= R2V/LD], by numerically solving the convective 
diffusion equation. Figure 3 depicts some of their results. Clearly, as  Tu increases the 
flow changes from the Taylor (Ta < 2) to the segregated (Tu > 10) regime. Of greater 
interest is the bimodal nature of the elution curves for intermediate Taylor numbers 
(2 < Tu < I.). This bimodal nature results from the interaction of the strong diffu- 
sional influence close to the tube wall and the dominant convection effect prevalent 
near the tube axis. Most experimental evidence does seem to conform to these 
theoretical prediction. For the data presented in Figure 2(b), since the experimental 
conditions (R, V, L)  are constant, an  increase in solute molecular weight implies an  
increase in Ta because of reduction in molecular diffusivity. The experimentally 
determined elution curves of Figure 2(b) can therefore be interpreted as  those for 
different values of Ta. In that case, very good qualitative agreement with the theoretical 
predictions (see the trends shown in Figure 3) becomes quite evident. 
In the foregoing we have discussed how some of the anomalous observations 
regarding dispersion in capillary flow can be interpreted in terms of the flow regimes in 
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which the dispersion process takes place. Within a given flow regime, however, 
unexpected observations have also been reported which we propose are likely to  be due 
to the apparent slip effect generated by the migration phenomenon. In the subsequent 
discussions, we shall be concentrating on the effect of macromolecular migration on 
the dispersion behavior in both the segregated and the Taylor flow regime. 
5. MECHANISTIC BACKGROUND O N  
MACROMOLECULAR MIGRATION 
The flow fields through empty capillaries are referred to as non-homogeneous since the 
velocity gradient will depend on the radial position within the capillary. In such flows 
of macromolecular solutions, the polymer seems to migrate away from the high-shear 
wall regions in some situations. As a result of this migration, a low-viscosity layer is 
formed adjacent to thecapillary wall and the bulk of the high viscosity fluid appears to  
'slip' through and this effect is usually manifested as  enhanced flow rate o r  decreased 
v i ~ c o s i t y . ~ - ' ~  Usually this wall layer is very small in comparison to the capillary 
dimension' and consequently it seems as if the bulk fluid is moving with a finite slip 
velocity, v,,'at the wall itself. 
Presently, two differing schools of thought exist regarding the origin of macro- 
molecular migration. These essentially are based on thermodynamic and fluid 
mechanical arguments. It is encouraging however, that the most recent ~ o r k ~ ~ . ~ ~  
suggests that a common framework exists for both the hypotheses. Thermodynamic 
arguments have been p r o p ~ s e d ~ ~ - ~ '  and q ~ a n t i f i e d ~ ~ - ~ ~  by several workers. They 
maintain that in a deforming fluid the macromolecules become aligned and stretched, 
thus creating spatial free energy differences. More specifically, in a non-uniform flow 
field. the entropy and hence the free energy becomes position dependent. In order to 
compensate for the spatial variation in free energy levels, concentration gradients are 
induced. The net result is that macromolecules, migrate towards regions of lower stress 
levels. Computations based on this hypotheses predict slipeffects which are of the same 
order of magnitude as evidenced in the  experiment^.^^-^^ 
B r ~ n n ~ ~  and Aubert and Tirre1140.41 suggested that the presence of the wall restricts 
the number of configurations available to macromolecules near the wall thereby 
reducing their concentration. A zone of concentration depletion therefore exists near 
the wall. Since the order of magnitude of the wall exclusion layer is the same as the 
macromolecular size, it is unlikely that such steric effects will be significant in relatively 
large capillaries such as those used by Kozicki eta/.' and Cohen and Metzner." 
Instead, such type of hydrodynamic arguments are likely to be appropriate when very 
narrow capillaries are considered. Indeed, Aubert and Tirrell report very good 
agreement between their theory and the experimental data obtained by Chauveteau12 
for flow of aqueous Xanthan solution through Nuclepore (pore diam. -0.5 to  10 pm) 
filter membranes. The end to end distance of Xanthan is of the order of 1 pm and hence 
the molecular size is comparable to  the pore dimension. 
An alternative hypothesis, also based on hydrodynamic arguments, has been 
proposed by several ~ o r k e r s . ~ ~ - ~ ~  Aubert and  coworker^^^.^^ used a linear elastic 
dumbell model to analyse the flow of macromolecules in non-homogeneous flow fields. 
D
o
w
n
lo
ad
ed
 A
t:
 1
0:
30
 2
0 
Ja
nu
ar
y 
20
11
STRESS-INDUCED MIGRATION 189 
Their analysis predicted cross-streamline migration only for curvilinear flows. Sekhon 
et ~ 1 . : ~  however, demonstrated that such migration in rectilinear flows also occurs 
when hydrodynamic interactions are accounted for. In case of nonlinearly elastic 
dumbells, Brunn4' predicts cross-streamline migration, but he also suggests that the 
time scale for migration are likely to be so large that such effects may not be observable 
in most practical systems. Stasiak and C ~ h e n ~ ~  recently extended Aubert et al.'s 
analysis for rigid rodlike macromolecules. In qualitative agreement with experimental 
results, viscosity decrease for smaller channels was predicted. Hydrodynamic inter- 
action, however, was not considered and hence no cross-streamline migration was 
possible for the channel flow considered. A general difficulty regarding this hypothesis 
is that only qualitative comparisons have been made with experimental results. As a 
result it is not clear whether these theoretical developments do  predict effects which are 
comparable to experimental observations. We also should emphasize that apart from 
those discussed above, there is a significant body of work (for example, see Refs. [47]- 
[50]) that concerns cross-streamline migration of macroscopic particles due to inertial 
forces and hydrodynamic interactions with the wall. We, however, will not consider 
these effects for the dilute polymer solutions during the course of this discussion. 
From the above it is rather evident that a number of different hypotheses have been 
made for explaining the macromolecular migration in non-homogeneous flow fields. 
None of these hypotheses, however, has been proved or disproved unequivocally. 
Besides, it is quite plausible that some of these proposed mechanism are not mutually 
exclusive and might very well coexist or might be: applicable under different limiting 
conditions. It is, however, certain that the phenomenon of macromolecular migration 
is manifested as effective wall slip. 
6 .  DlSPERSlON O F  SMALL SOLUTES IN MACROMOLECULAR MEDIA 
In this section we consider the dispersion behaviour of a low molecular weight solute in 
macromolecular media. We assume that prior to solute injection, macromolecular 
migration has already occurred and a Jdly developed velocity field is established. 
Besides, in all cases we will be neglecting axial molecular diffusion [Pe >> 11 as 
compared to its radial counterpart. 
6.1 Phenomenoloyicol Approach 
T o  start with, we follow a phenomenological description of the slip effect by assuming 
that the fluid moves with an apparent slip velocity [us] at the wall. In that case, the 
velocity profile for a tube flow can simply be derived as 
where 4 = v / V ,  5 = r /R ,  and a = v , /V .  For segregated flow [Ta > 101, since the 
residence time distribution [TRD] function, F [ 5 ] ,  for a step input is given as 
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we get 
where t = t* VIL is the nominalized time. Figure 4 shows the RTD function for 
different slip velocity ratios. Note that a = 0 and a = 1 correspond to the (no slip) 
parabolic profile and the plug flow limits, respectively. Therefore with increasing slip 
effect the response increasingly resembles that for plug flow. This feature, in fact, is quite 
similar to  the eRect of pseudoplastic behaviour on the RTD f u n c t i ~ n . ~ '  However, i t  
needs to  be emphasized that the influence of slip is far more dramatic in comparison to  
that of pseudoplasticity. For instance, a fluid with a power law index of n = 0.5 
(typically a fairly concentrated polymer solution), will produce the same RTD curve as 
a Newtonian fluid flowing through with a slip velocity ratio of only 0.33. Similar 
observations on dramatic effects of slip on other heat and mass transport processes in 
macromolecular media have been reported by Mashelkar and ~ u t t a . ' ~  
In the Taylor regime [Ta < 21, the dispersion behaviour is influenced primarily by 
axial convection and radial molecular diffusion. Any alteration in the axial velocity 
field therefore will significantly affect the dispersion characteristics. From Taylor's 
theory,52 the following general expression for the dispersion coefficient [D,.] can be 
derived (see Appendix) for any arbitrary velocity profile +[[I 
NORMALIZED TIME ,t 
FIGURE 4 ElTect of slip velocity ratio (a) on RTD in a capillary. 
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For the velocity profile given by Eq. (3), Eq. (6) yields 
Equation (7) indicates that the axial dispersion coefficient diminishes with increased 
slip velocity ratio, a. Expectedly, in the limit of plug flow [ a  = I ]  no axial dispersion 
occurs. Besides, if molecular diffusivity [ D l  is determined by means of T D  technique, it 
follows from Eq. (7) that presence of slip effects will affect the measurements 
significantly. In particular, the calculated diffusivity will be higher than the actual value 
if slip effects are ignored. 
The above phenomenological analysis leads to results, which are intuitively obvious. 
It is, however, not clear as to  how primary variables such as polymer molecular weight, 
concentration etc. might alter the dispersion characteristics. An understanding of the 
influence of such variables on the slip velocity is thus critical. In order to do  so, we need 
to  take recourse to mechanistic considerations for migration phenomena. We shall 
analyse two different situations depending upon thlz magnitude of the capillary size [R] 
relative to  the macromolecular dimension [b,]. Since our emphasis is on qualitative 
discussion, we shall rely on those treatments that afford derivation of simple 
expressions for slip velocity ratio while retaining most of the essential features of the 
.migration phenomenon. For a quantitative analysis, however, more rigorous theoret- 
ical treatments (see, for example Refs. [29], [36], 1:42]) must be made use of. 
When the macromolecular size is comparable to the capillary dimension, the 
hydrodynamic arguments proposed by Brunn3" and Aubert and Tirre1140,41 are 
expected to  be applicable. These analyses, valid for very low shear rates and 
concentration, idealize the macromolecules in solution as Hookean dumbells. 
Assuming that the interaction between the macromolecule and the wall is a hard core 
repulsion, Brunn derived the following expression for the apparent solution viscosity 
where bo is the mean equilibrium extension of a Hookean dumbell. We can utilize this 
relationship to  obtain the slip velocity ratio as 
Since the intrinsic viscosity, (q),, can be usually expressed a s 5 j  
( v ) ~  = KM" = Qbj;/M ClOI 
Equations (8)-(10) can be combined to  yield 
Equation (11) implies that slip velocities are expected to be enhanced as the molecular 
weight and/or the concentration of the macromolecules increases. On the other hand, 
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the slip effect becomes more pronounced as the capillary diameter is decreased. Similar 
conclusions can also be derived from Aubert and Tirrell's more general analvsis. Their 
- 
results suggest that the slip velocity ratio increases as the channel dimension becomes 
narrower relative to the macromolecular size. 
When the capillary dimension is much greater than the macromolecular size, the 
wall exclusion mechanism is unlikely to play a major role in originating the slip 
phenomenon. Instead, we believe that the thermodynamical considerations invoked by 
Metzner3' and others are more likely to play a dominant role. This, to a certain extent, 
is prompted by the fact that this mechanism has been found to predict slip effects 
comoarable to exoerimental  observation^.'^*^^.^^ 
Metzner et have presented a very approximate intuitive analysis which pertains 
to the calculation of the rate of unsteadv diffusion of macromolecules from the wall 
region. This, in effect, amounts to determining the developing solvent boundary layer 
near the wall. The authors have used this simple analysis to estimate the slip velocity 
ratio as 
The analysis predicts that the slip velocity ratio is inversely related to the capillary 
diameter. Besides, since the apparent viscosity is a strongly increasing function of both 
the polymer concentration and the molecular weight, it follows that such conditions 
will facilitate migration. Given its approximate nature, Eq. ( 1  2) provides some further 
insights into the migration phenomenon. For example, it suggests that the slip velocity 
ratio depends on both the capillary length and the applied shear stress. The shear stress 
dependence arises because it is one of the factors controlling the driving force for 
migration, whereas the slip effect depends on the capillary length because it determines 
the extent of diffusion time available to the migrating macromolecules. Cohen and 
Metzner's data," however,does not exhibit this length dependence. This, we feel, is due 
to the fact that the ratio LIR is almost constant in all cases. 
6.2 Mechanistic Approach 
In this section we shall follow a somewhat more fundamental approach towards 
elucidating the role of polymer migration in affecting the longitudinal dispersion of a 
low molecular weight solute in macromolecular media. We shall, however, restrict 
ourself to the case where the capillary dimension is much larger than the macro- 
molecular size. 
Since the dispersion phenomenon is severely influenced by the hydrodynamics, it is 
necessary to develop a description of the hydrodynamical changes owing to polymer 
migration. In an earlier p ~ b l i c a t i o n ~ ~  we have initiated such a study and we shall be 
using these results to estimate the change in dispersion behaviour. Although we 
recognize that this asymptotic analysis suffers from several shortcomings (see sec- 
tion 5.3) it predicts slip effects comparable to experimental observations for very dilute 
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solutions. If desired a more rigorous asymptotic analysis3' can be made use of but 
under fully developed conditions the essential features of the problem remain 
unaltered. 
In the following, we consider the isothermal/flow of a macromolecular liquid 
through a verylong channel (spacing = 2H) such that the migration process is com- 
plete and the velocity and concentration fields are fully developed. Under these con- 
ditions, for very dilute solutions which can be adequately represented by a Hookean 
dumbell model given as 
J a n ~ s e n ~ ~  derived the following expressions for the polymer concentration profile 
Equation (14) implies that due to polymer migration, a pure solvent layer (forb > 0.43) 
will be formed adjacent to the In that case the velocity distribution can be 
expressed as3' 
dz] for 0 5 ly a ly. [ISa] 
and 
U = -  TwH (1 - $2) for ujc 5 + a I 
211, 
Llsbl 
where $c = 0.43/8 is the location of the pure solvent layer from the channel axis. 
Equations (14) and (15) contain the unknown constant /l since it involves c,, the axis 
concentration. A mass balance for the polymer, however, gives 
where 
and 
For known values of A and W (which in turn are determined by the wall shear stress 
(7,) and the polymer concentration (ci) for a given polymer solution), is obtained as 
the solution of Eq. (16). 
The preceeding analysis allows determination of the fully developed velocity field in 
a very dilute polymer solution flowing through a narrow channel. Owing to  the non- 
uniform flow field, polymer migrates away from the high shear regions near the wall. 
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The concentration gradient thus set up induces viscosity variations which affects the 
local velocity. The general feature of this rearranged velocity field (due to migration) is 
that the bulk of the high viscosity polymer solution core of width 2$c moves with more 
or less uniform velocity (v,,,), whereas the low viscosity layer adjacent to the wall 
involves large velocity gradients3' Figure 5 shows some typical results of the analysis. 
It can be seen that as A increases, the velocity field increasingly tends toward a plug like 
behaviour with the fluid moving. with nearly uniform velocity over most of the cross- 
section. 
For dispersion studies, we assume that a low molecular weight solute is injected into 
the fully developed hydrodynamic field described by Eqs. (14) to (18), which then gets 
dispersed as it moves downstream along with the fluid. For segregated flow (Ta > 10) 
Figure 6 illustrates some typical R T D  functions for dilute polymer solutions. Since 
W = T , R / ~ ,  and A = ciR,T/~, 
changes in the parameter A for a constant value of W imply changes in the solution 
concentration (ci) only. Thus, it is evident from Figure 6 that as the polymer 
concentration increases the R T D  function in response to a step input increasingly tends 
toward the plug-flow like behaviour characterized by an increase in the 'break through' 
time. Clearly, this behaviour is in marked contrast to that expected in the absence of 
polymer migration. 
In the Taylor flow regime (Ta < 2) the dispersion coefficient (DL) can be readily 
obtained if the velocity field is known. For a plane geometry, however, Eq. (6) takes 
FIGURE 5 Core thickness and maximum velocity as a function of A .  [----I represents calculation based 
on pseudo two-phase approximation. 
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NORMALIZED 'T IME,  t 
FIGURE 6 Influence of the parameter A on the RTD in a plane channel. 
From Eqs. (15) and (16) it is clear that an accurate estimation of DL entails numerical 
calculations. Since we are interested primarily in the qualitative behaviour, we shall 
follow a simpler approach of approximating the: velocity field by means of simpler 
analytical functions. In particular, we adopt a 'pseudo two-phase model' in which the 
polymer solution core (of thickness 2rC) moves with a uniform velocity I.: whereas the 
flow remains parabolic in the outer layer. This appears to be a reasonable 
approximation of the actual velocity field since the calculated core velocities agree 
quite favourably with the predicted maximum velocities (see Figure 5). Thus, the 
approximate velocity field can be written as 
where Bl = 3/2(1 - $:) and B, = Bl( l  - I):). l o r  discontinuous velocity profiles, 
such as the one represented by Eq. (20), Eq. (19) can be rearranged into a more 
convenient form written as 
D
o
w
n
lo
ad
ed
 A
t:
 1
0:
30
 2
0 
Ja
nu
ar
y 
20
11
I96 
where 
A. DUTTA AND R.A. MASHELKAR 
Equations (20) and (21) can now be combined to yield the following expression for 
the dispersion coefficient 
Note that for parabolic profile (& = 0), f(0) = 21105, whereas for plug flow (I)~ + lj, 
f (1) + 0. Figure 7 illustrates the function f(GC) which decreases monotonically as  the 
core becomes thicker. 
Interestingly, for a given wall shear stress, the ratio of dispersion coefficient in the 
present (DL) and absence [(DL),,] of migration (no slip) is given as 
Equation (23) indicates that even though f($J is a decreasing function of A (i.e. the 
solution concentration, ci), thedispersion coefficient DL is likely to begreater than its no 
slip value since the Row enhancement ratio, VIV,,, is usually a strongly increasing 
function of A (37). 
Let us now examine the implications of migration effects when T D  technique is used 
for measuring the molecular diffusivity (D). Here D is obtained from the knowledge of 
the dispersion coefficient, DL. It is evident from Eq. (22) that if the migration 
phenomenon is not accounted for, erroneous values of D can result. In fact, the 
diffusivity values obtained by disregarding the hydrodynamical changes due to 
polymer migration in channel flow will be only apparent (D,,,) and they will be related 
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to the true diffusion coefficient (D) by 
Clearly, if slip effects are ignored, the measured diffusivity will be higher than the true 
values. Furthermore, since the function f (&) depends upon the polymer molecular 
weight and concentration and also the shear rate, an anomalous dependence of the 
observed diffusion coefficients on these variables is likely to  be deduced. 
6.3 Discussion 
In the foregoing, we have shown how the longit~~dinal dispersion behaviour of a low 
molecular weight solute in capillary flows of macromolecular fluid may be affected due 
to the apparent slip effect resulting from the stress-induced migration phenomenon. 
Unfortunately, scanty experimental measurements are available particularly in the 
segregated flow regime. As our results suggest, careful attention needs to be paid to the 
separation of the slip effects from the true non-Newtonian effects on the dispersion 
behaviour. It is well established that for most polymer solutions, an increase in the 
polymer concentration or the molecular weight will increase the pseudoplasticity of the 
solution and consequently the resulting dispersion characteristics will increasingly tend 
towards the plug flow response. Similar observations are also expected for the slip effect 
(see Eq. (1  1) and Figure 4). However, numerical calculations presented by Hess and 
Y c  
FIGURE 7 f [ $ , ] / / [ O ]  as a function of core thickness [$,I 
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Tierney5' show that the effect of non-Newtonian behaviour are orders of magnitude 
lower than those observed experimentally. For the typical concentration and shear rate 
ranges encountered in dispersion studies, the non-Newtonian nature of the fluid does 
not appear to be a major influencing factor. Besides, a feature unique to the slip 
phenomenon is the dependence of the migration process on the conduit size. Therefore, 
dependence of the dispersion on the conduit dimension can be expected t o  be a positive 
indication of effective slippage. 
In the Taylor flow regime limited amount of experimental work'4.15.32 has been 
reported. All of these studies focus on the measurement of molecular diffusivity by 
employing the T D  technique. We have already commented on Singh and Nigam's14 
work in which a twelve-fold decrease in molecular diffusivity of congo-red dye was 
observed as C M C  concentration was increased from zero to two weight percent. 
Clearly, this is contrary to the expected behaviour in the presence of polymer 
migration. However, as we have suggested earlier," there is a possibility of a strong 
interaction between the solute and the polymer that may lead to a drastic reduction in 
diffusivity. Even if slip effects were present, their effect may be masked by the strong 
solute-polymer interaction. 
Deo and Vasudeva,15 on the other hand, measured the diffusivity of benzoic acid in 
1.1 1 and 1.6 wt. percent aqueous C M C  solutions. They did not report such abnormally 
large reduction in diffusivity. Their results, however, were higher than those obtained 
by ~ a n s f o r d  and Litt16 us& a rotating disc technique. The latter method is unlikely to 
sustain the concentration gradient responsible for the slip phenomenon since the high 
Reynolds number flow generates sufficient secondary flow in the vicinity of the disc 
thereby providing considerable convective mixing. It is therefore plausible that the 
discrepancy in diffusivity values is due to the existence of an apparent slip effect in 
capillary flows. 
Till now, we have looked into the likely effects of the migration process on the 
dispersion behaviour of low molecular weight solutes in polymeric media. It is, 
however, appropriate to consider the conditions under which the migration behaviour 
is dominant enough to significantly alter the dispersion process. Since both the fluid 
elasticity (1) and the applied deformation rate (y) contribute favourably towards 
the stress-induced separation phenomenon, appreciable migration of the polymer 
molecules may be expected only if 
In other words, the Weissenberg number (I.V/R) must considerably exceed unity for the 
slip effect to play a major role in controlling the dispersion behaviour. 
Regarding the mechanistic approach adopted by us for discussion, it needs to be 
emphasized that it suffers from several  limitation^.^' Apart from its validity for very 
dilute solutions, the theoretical predictions are expected to be somewhat exaggerated 
owing to the assumption that the relaxation time (I.) is independent of the polymer 
concentration, that the Fickean diffusion flux opposing migration is neglected and also 
due to the weak coupling between the Newtonian viscosity and the polymer 
concentration. Nevertheless, this simplistic analysis affords a simple analytical 
development and the general qualitative aspects of the dispersion characteristics are 
expected to remain substantially correct. 
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Cohen and M e t ~ n e r " . ~ ~  have developed a more rigorous theoretical framework for 
describing the stress-induced migration phenomenon and we, in a separate publica- 
t i ~ n , ~ ~  have discussed the implications of the fully developed velocity and concen- 
tration fields (obtained numerically). If  desired., these solutions can be readily used 
to obtain the dispersion characteristics of the macromolecular system under 
consideration. 
7. DISPERSION O F  MACROMOLECULAR SOLUTES 
In the foregoing, we have been concerned about the dispersion of a low molecular 
weight solute in a solution of macromolecules. We shall now be concerned about the 
dispersion of a macromolecular solute itself in a flowing solvent. Even though some 
body of experimental k n o ~ l e d g e ' ~ - ~ ~ . ~ ~  exists in this area, an adequate fundamental 
understanding is still lacking. As mentioned earlier, most of these works (relating 
primarily to chromatographic studies, report anomalous observations which cannot 
be satisfactorily interpreted in the light of the theoretical treatments suggested by 
Biesenberger and Ouana5 and Hess and Tierney." In an earlier section we have shown 
that a part of these apparently contradictory reriults could be rationalized in terms of 
the flow regime in which thedispersion process is operative. Of particular importance 
is the fact that for a given experimental arrangement, the dispersion regime can be 
altered merely by changing the solute size (molecular weight). The remaining 
anomalous observations, however, have defied satisfactory explanation and it is likely 
that some of these arise due to effective wall slippage caused by stress-induced 
macromolecular migration. In the subsequent discussion, we shall be focussing our 
attention on this aspect in greater detail. 
If the phenomenon of stress-induced migration in a non-homogeneous flow field 
originates from thermodynamic requirements as proposed by several w ~ r k e r s ~ O - ~ ~  
then the dispersion behaviour of a small solute in a macromolecular medium is 
expected to be significantly different from that of a macromolecular solute in a low 
molecular weight solvent. For small solutes, it is plausible to have a situation where, 
prior to solute injection, the migration process is complete and the fully developed 
concentration and velocity fields have been established within the macromolecular 
medium. A similar situation, however, cannot be visualized for a large solute. In this 
case, the migration phenomenon starts after solute injection and the developing 
velocity field plays a critical role in governing thc: dispersion behaviour of the solute. It 
therefore implies that even if the conditions for segregated or Taylor regime are 
satisfied, the dispersion characteristics may still depend on the capillary length. This is 
contrary to the behaviour expected for dispersion of small solutes. 
The developing flow of a macromolecular solution flowing in a non-homogeneous 
flow field has been analyzed by Tirrell and M a l ~ n e . ~ ~  They suggest that since the 
phenomenon of stress-induced migration occurs by the very slow process of 
macromolecular diffusion, considerable flow lengths are necessary for full develop- 
ment. For typical polymer solutions, the analysis estimates that lengths of the order of 
5000 diameters may be necessary in order to achieve 63% full development. This 
analysis, however, assumes concentration independent viscosity and consequently 
may lead to overprediction. Recently, Cohen and Metzner" have reported a somewhat 
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more rigorous numerical solution of the developing flow problem. Here too velocity- 
concentration coupling was neglected and the requirement of very long flow lengths 
was predicted for full development. Besides, the theoretical predictions were found to  
be only in fair agreement with experimental data. By comparison with an asymptotic 
analysis we have shown that although these data were obtained with fairly long 
capillaries (Lid 2000) the flow in most cases was still not fully developed.38 Therefore, it 
seems likely that most of the dispersion experiments reported in the literature for 
(empty) capillary flows have been conducted with inadequate lengths for full de- 
velopment and consequently the data are liable to be in the developing flow regime. 
In such cases, the dispersion behaviour should depend on the capillary length also even 
if the dispersion regime remains unchanged. 
7.1 Effect of Solute Concet~tration and Molecular Weight 
Even in the developing stage, significant slip effects are possible as  manifested by the 
degree of flow e n h a n ~ e m e n t . " . ~ ~  This is primarily due to the growth of a polymer 
depleted zone adjacent to the wall which leads to higher wall shear rate and 
considerable flattening of the velocity profile near the centreline. In fact, but for the 
developing nature which inherently implies length dependence, the hydrodynamical 
changes owing to migration should be quite similar to  that considered in the case of 
small solute dispersion and therefore some of the results of the previous sections should 
NORMALIZED TIME 
FIGURE 8 Responses lo  a step input for various molecular weight  solute^.^' (I)  PS-97.200;(2) PS-20,400, 
(3) PS-900; (4) ODCB. 
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also be valid, at least qualitatively, for dispersion of large solutes provided that the 
polymer concentrations are such that the solutioas can be considered to be dilute. 
Ouano and BiesenbergerZ2 have measured the dispersion behaviour of polystyrene 
(PS) standards in capillary flow of toluene by monitoring the responses to both step 
and pulse solute inputs. Figure 8 shows a typical set of step response curves for a low 
molecular weight solute and for PS of different molecular weights. The conditions 
suggest that the flow is in the segregated regime for all solute sizes and this is indeed 
found to be the case. The response curves, contrary to expectation, depend on the solute 
size. In particular, as the solute size increases the response increasingly tends towards 
a somewhat plug-like behaviour. Figures 9(a) and (b) illustrate the effect of solute 
concentration on the response curves to pulse and step inputs, respectively. Here too, 
N O R M A L I Z E D  TlME 
FIGURE 9 a. Res~onses to a ~ u l s e  i n ~ u t  of PS-867.000 solute at different concentrati~ns. '~(l~ 0.2.12) 0.4. 
, ,  , ,  . (3) 0.8 weight percent. 
b. Responses to a step input of PS-97,200 solute at diffe~ent concentrat i~ns .~~  ( 1 )  0.6, (2) 0.15, (3) 0.06, 
(4) 0.03 wt. percent. 
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the elution characteristics are strongly governed by the solute concentration, exhibiting 
large peak heights and pronounced 'tailing' for pulse responses and increased 'break 
through' times for step responses as the concentration is increased. In other words, with 
solute injection at higher concentrations the dispersion behaviour increasingly re- 
sembles that for plug flow. 
These observed size and concentration effects may be interpreted as manifestations 
of the apparent slip phenomena caused by polymer migration away from the high shear 
regions within the flow field. Equations (I I) and (12) indicate that an increase in both 
the concentration and the molecular weight facilitates slip, which in turn implies a more 
plug flow like behaviour as shown in Figure 4. A similar qualitative explanation can 
perhaps be offered for Maitland's observationlo on the measurement of molecular 
diffusivity of PS in organic solvents using the T D  technique. As solute molecular 
weight increases, higher slip velocity ratio (a) is predicted and thereforedhe observed 
molecular diffusivity (D,,,) which would be given as33 
is higher than the actual values measured by a stagnant technique. 
7.2 ltlfluence of Capillary Diameter 
The tendency toward a plug-flow like behaviour which can be considered as an 
indication of apparent slip effect, is also characteristic of pseudoplastic behaviour 
typical of most macromolecular liquids. Like slip effects, pseudo plasticity becomes 
prominent with higher solute concentrations and molecular weights. However, since 
the actual solute concentration within the dispersing medium is usually very low 
it is unlikely that the non-Newtonian nature of the fluid will play a major part. 
Nevertheless, it is important to note that both the slip and the non-Newtonian 
behaviour exert similar influences on the longitudinal dispersion process. 
An aspect unique to the slip phenomenon is the dependence of the dispersion 
behaviour on the capillary dimension as shown in Figure 10. The step response curves 
were obtained with two different size capillaries of lengths so adjusted that the fluid has 
identical residence times in both cases." It is evident that the elution curves depend 
severely on the capillary diameter with the response tending towards a plug flow like 
behaviour as the diameter is decreased. This, again, is expected from the slip hypothesis 
(see Eq. (1 I) and Figure 4.) For a given residence time, smaller diameter implies larger 
shear rates and consequently larger driving force for migration. The increased slip 
effect, which leads to a more uniform velocity profile, then results in the observed 
elution behaviour. It should be emphasized, however, that the diameter dependence is 
expected only if the flow is in the developing regime3' which is likely to be true for 
typical capillary dimensions (length as well as diameter) employed for experimental 
investigation of longitudinal dispersion. 
7.3 Temperature Efject 
Another interesting aspect of macromolecular dispersion is the effect of temperature, 
which is likely to influence the migration phenomenon and therefore falsify the 
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apparent diffusivities obtained by T D  technique. Wakeham et a/." measured the dif- 
fusion coefficient of cholesterol in dog's serum a t  different temperatures using the 
T D  technique. Their results indicated an unexpectedly strong temperature dependence 
of difhsivity with the values of activation energy (-30-50 KJJmole) being signifi- 
cantly higher than those ( -  17 KJ/mole) normally associated with diffusive processes. 
Wakeham et a/. attributed this unexpected behaviour to  possible changes in con- 
figuration and to the loss of water bound to  the protein macromolecules. 
In general, however, it would be worthwhile to  also consider the effect of 
temperature on the migration phenomenon. The proposed slip hypotheses appear to 
suggest opposite effects of temperature on the migration process. For  extremely 
narrow capillaries, where the wall exclusion mechanism is likely to  be operative, an 
increase in temperature will significantly increase the equilibrium end to  end distance 
(b,) of the macromolecule chains3 and this should lead to a more pronounced slip effect 
(see Eq. (I I)). 
In case of entropy driven migration, the separation which is controlled by i. at a 
given j is expected to  decrease since the value of i. decreases with temperature. This is 
also obvious from Eq. (16) since a temperature rise will always lower the apparent 
viscosity, p,. Even though the polymer diffusivity, D,, will also increase simultaneously 
because of its one-third power dependence (see Eq. (12)), its effect on a will be 
considerably less than that of pa. The net result, is presumably a reduced slip effect as a 
result of temperature rise. 
Presently, no experimental evidence is available to  confirm these qualitative 
predictions. If these predictions can be validated through experimentation? the 
temperature effect may be effectively used as a means for discerning the operative 
mechanism responsible for the slip phenomenon. 
8. CLOSURE 
Presently, a satisfactory theoretical understanding of the dispersion behaviour in 
(rectilinear) capillary flows involving polymeric media is limited by the lack of an 
unequivocally proven quantitative analysis of the hydrodynamical changes occurring 
within the system. Recent efforts by L h ~ i l l i e r ~ ~  and Drouot and Maugin2' appear to 
provide a common framework for both the thermodynamic and fluid mechanical 
arguments regarding the origin of macromolecular migration. These should serve as 
basis for further analytical studies which needs to  be compared with experimental 
observations for assessing their utility for engineering calculations. Additionally, it 
would indeed be desirable to  systematically establish (both experimentally and 
theoretically) the role of various parameters (such as solute size, concentration, 
capillary dimensions) on the dispersion process, while ensuring that the dispersion 
regime remains unaltered. 
In summary, we have initiated a discussion on the likely role of stress-induced 
migration in rationalizing some of the anomalous observations in longitudinal 
dispersion in capillary flows of macromolecular media. As mentioned earlier, a firm 
quantitative and mechanistic base does not exist for interpretation of such phenomena. 
Therefore, the present discussion has been primarily semi-quantitative or qualitative 
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and, at times, even speculative. In the course of this discussion we have, however, 
identified areas for further theoretical and experimental work in this relatively 
undeveloped, yet exceedingly challenging, topic that has emerged in the recent years. 
NOMENCLATURE 
Mark-Houwink constant 
ciRc T ' z w  
mean equilibrium extension of a Hookean dumbell 
constants in Eq. (20) 
solute concentration 
initial solute concentration 
centreline concentration 
capillary diameter 
rate of deformation tensor 
molecular diffusivity 
apparent molecular diflusivity 
Taylor dispersion coefficient 
RTD function for step input 
half of channel thickness 
Mark-Houwink constant 
capillary length 
solute molecular weight 
Peclet number, V L / D  
volumetric flow rate 
radial distance 
capillary radius 
gas constant 
time 
t* V/L 
temperature 
Taylor number, R2V/LD 
axial velocity 
slip velocity 
maximum velocity 
mean velocity 
core velocity 
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W T ~ ~ I P ,  
Y transverse distance 
z dummy variable 
Greek Letters 
4 1  v 
L"IcoR,T 
shear rate 
convected derivative 
zero-shear intrinsic viscosity 
C / C O  
relaxation time 
apparent viscosity 
solvent viscosity 
r lR 
stress tensor 
wall shear stress 
vl  v 
YIH 
dimensionless core location 
constant in Eq. (14) 
Subscripts 
ns no slip 
obs observed 
act actual 
P polymer 
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APPENDIX 
DISPERSION COEFFICIENT FOR AN AREllTRARY 
VELOCITY PROFILE 
It appears that the literature has been inundated with a large number of papers relating 
to the examination of the influence of the velocity field on the Taylor dispersion 
coefficient for many fluids [e.g. power-law fluid (31, Casson fluid (571, Ellis fluid (4) etc.]. 
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These are rather algebraic exercises and we provide below a straightforward 
derivation, which will be helpful in deducing Taylor dispersion coefficient for any 
arbitrary velocity profile. 
A fluid stream flows in a tube of radius R with a velocity field [vo(r)]. For  a solute 
introduced in this flowing stream, its concentration field will be governed by the 
familiar convective diffusion equation 
Since axial molecular diffusion is usually negligiblecompared to  its radial counterpart, 
Eq. (A-I) can be simplified to: 
For convenience, the calculations are to be done in a coordinate system which moves 
with the mean velocity [V] of the fluid. In this system 
and Eq. (A-2) becomes 
We now assume that c is a slowly varying function of .? such that dc/aE = con- 
stant = X. Then a quasi-steady state approximation allows the solution to  Eq. (A-4) to  
be written as 
since &/dr = 0 at r = R. If C, is the centreline concentration Eq. (A-5) can be readily 
integrated to  give the concentration profile as 
The average concentration, c, therefore becomes 
where 
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Equation (A-6) can now alternatively be written as 
The total volumetric flowrate, Q, of the solute then becomes 
Q = 2n soR rCu(t-1 dr 
Since 
equation (A-9) simplifies to 
[A- I O] 
and the volumetric flux can be written as 
where = r / R ,  4 = v , / K  and 4" = cf~(5"). Equation (A-1 I j is analogous to the Fickean 
diffusion flux equation with molecular diffusivity replaced by an effective diffusivity 
[A- 1 21 
usually referred to as the Taylor dispersion coefficient. For any arbitrary velocity 
profile, Eq. (A-12) can be readily used to  calculate the dispersion coefficient. 
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